18 Lesson 18

18.1 Concavity

Definition: A function f(x) is concave up if it looks like either one of the figures below on
an interval.

Note: The slopes are getting bigger and bigger as we move from the left to the right
on the curves. In other words, the derivative of the function is increasing.

Remark: The sign of the derivative of f(z) tells us whether a function is increasing or
decreasing. If we know that f”(x), which is the derivative of f’(x), is positive, then we know
that f'(x) is increasing. So, f(z) must be concave up.

Definition: A function f(z) is concave down if it looks like either one of the figures below
on an interval.

Note: The slopes are getting smaller and smaller as we move from the left to the right
on the curves. In other words, the derivative of the function is decreasing.

Remark: If we know that f”(x), which is the derivative of f'(x), is negative, then we
know that f’(z) is decreasing. So, f(z) must be concave down.

Theorem:
1. If f"(x) > 0 for all x in I, then f(x) is concave up on I.

2. If f"(x) <0 for all x in I, then f(z) is concave down on I.

18.2 Inflection Points
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Definition: xis an inflection point if f”(c) = 0 or f”(¢c) = DNE, AND f(z) changes
concavity at x = c.
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Example 1: Let f(x) = 2! — 823 + 182% — 10. Find the open intervals on which f(z) is
concave up or concave down. What are the inflection points of f(z)? Where is the function

both concave down and increasing?

$(x)2 A% 242" » 364 = ARCR*=Gx+9) S 4XCx=-3)(R=3)

Iner: €O ,%)

[} - [} [} C) 0
Solve #¥(x)=2 0. ' Fenco Fwro A
*: | : } ' »
=) 4x(x-3)(x-3)=0 ' '
o 3
=Y x30,3
$UCxY2 120 =488 * 30 3 128K =4+ 3)3 120 x=3)Cx=1)
Note $"Ca)# DNE.
Selve $#"¢(x)=0O. + - +
™ ¥'Cy<o $'4)20
=) 12053 x=)= 0 ", e ’
F: ¢ : t : t ' )
=) a3 3, ° ' N 3 “
Concave wp: €~00,1)VC(3,00)
Concave down: €1,3)
Inficerion PrS: (1, $UN 3 G,
C3,$C3N (3, 1)
B8oth sonca.v:.d:\:n : €0,90) N CIy3) = C1y3)
18.3 Second Derivative Test et

Note: Recall that the first derivative test helped us find relative extrema. The second

derivative test will do the same.

Theorem: Let f(x) be a function such that f'(¢) = 0 and the second derivative of f(z)

exists on an open interval contain

ing c.

1. If f”(¢) > 0, then f(x) has a relative minimum f(c) at z = c.

2. If f"(c) <0, then f(z) has a relative maximum f(c) at x = c.

3. If f"(¢) = 0, the second derivative test is inconclusive. We need to use the first

derivative test to check for potential relative extrema.
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Example 2: Let f(x) = 2* — 42® + 4. Use the second derivative test to find any relative

extrema of f(z).

$CN)S An’ -1zt
2 4a*¢x-23)

Note $'(x) < DNE S -\
Selve FCm¥TO e FN<O

°, p) N ' [ -
0z 4x*(x-3) *:¢ R R »

() 3
=Y x30,3
=) no vel.
exvremnme

$Vx)3 125722494

30
Ping n A30,3 o% A
$1C(0)2 0 =) inconclwnsive

$1C3)312:9°24:3%0 =) rel. MiIn.
ot €3,$C3N = (3,-23)

o7



Example 3: Let f(z) = 9In(z? + 1). Find the open intervals on which f(z) is concave up
or concave down. What are the inflection points of f(x)?
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Example 4: Let f(z) = 2° — 52* + 523, Use the second derivative test to find any relative
extrema of f(z).
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